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We consider the differential equation of the form 
y(n) i- py = 0, (E) 
where p is continuous and of one sign on an interval [a, co). Equation (E) 
has been extensively studied by a number of authors [l-13], and it is well 
known that the behaviors of solutions of (E) depend strongly on the parity 
of n and the sign of p. Consequently, we consider the following four cases 
of(E): 
(i) R even, p > 0, 
(ii) n odd, p > 0, 
(iii) n even, p < 0, 
(iv) n odd, p < 0. 
Equation (E) satisfying, for example, condition (i) is denoted (Ei). Likewise, 
(Eii), (Eiii), and (E+) denote Eq. (E) satisfying (ii), (iii), and (iv), respectively. 
A nontrivial solution of (E) is said to be nonoscillatory on [u, co) if it does 
not have infinitely many zeros on [a, co). Equation (E) is said to be nonosciZZuto~y 
on [a, 03) if every nontrivial solution of (E) is nonoscillatory on [a, co). It is 
evident from this definition that we may assume y > 0 on [b, co), for some 
b > a, if y is a nonoscillatory solution of (E). Let S, be the set of bounded 
nonoscillatory solutions of (E), let S, , K = 1,2,..., n - 1, be the set of non- 
oscillatory solutions y with the property that 
lim,,,(y(x)/xg-l) > K 
for some positive constant K, and 
lim,,,(r(x)/xk) = 0, 
and let S, be the set of nonoscillatory solutions such that 
lim,,,(y(x)/xn-l> > K, 
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for some positive constant K. Define 
Under the condition that 
it was recently proved that S‘,, is empty (i.e., every nonoscillatory solution 
is unbounded) for (E.) 1 and (Eiv), and that Sr is empty for (Eii) and (Em) [4, 61. 
In this paper we extend these results and establish the following theorem. 
THEOREM 1. If  ]” Y--l j P(X); dx = 03, the set Y of nonoscillatory solutions 
of(E) is empty. 
\Vc need a few preliminary results which are repeatedly used in the proof of 
Theorem 1. 
LEMMA 1. suppose y  E C”[b, co), y  ;2 0 on [b, oo), 
lim,+,(y(t)/tl) = 0, 
for some integer 1, 1 < I < n - 1, and yen) + 0 on [b, , 03) for every b, > 6. 
If  ~(~1 < 0 on [b, co), then < 
(- lplycn-yt) > 0, t E [h co), 
for k x= 1, 2,..., n - 1, and also for k =A n - 1 $- 1 if n -- 1 is even. On the 
other hand, if y(?‘) 2: 0 on [b, m), then 
(-l)“‘y’7’ -A’(t) ;., 0, t E [b, @J), 
k 1, 2,..., 72 1, where the inequality also holds for k == II .- I -i 1 ;f  n -~ 1 
is odd. 
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Proof. Consider the case y(ll) < 0 on [b, a). I f  y(lz-lr(cu) < 0 for some 
CY E [b, co), then there exist a positive constant K and a point /3 E [ol, CO) such 
that yen-l)(t) < -K < 0, t E [/3, co). But this implies that y(t) --F -CC as 
t -+ co, contradicting the inequality y  3 0 on [b, co). Thus, y(+l)(t) > 0, 
t E [b, cc). I f  I = n - 1, the proof is complete. Otherwise, I < n - 2, and 
we need to prove y(7L-2)(t) < 0, t E [h, co). I f  ytnMz)(a) 3 0 for some 01 E [b, co), 
then y(7L-2)(t) >, K, for some positive constant K, on some interval [j3, co). 
However, this implies that y(t) > K1t71-2, t E [& , CD), for some constants 
K1 > 0 and & > /3, which contradicts the asymptotic behavieor 
lim,-Jy(t)/tl) = 0, 
because I < n - 2. Consequently, we have y(tz-2)(t) < 0, t E: [b, GO). If  I = 
n - 2, the proof is complete; otherwise, we repeat the above arguments to 
prove (-l)k+ly(n-z)(t) > 0, t E [b, co), k = 1, 2 ,..., n - Z. If  n - Z is even, 
we have for k = n - I, y(l)(t) < 0, t E [b, IX)). In this case, we can repeat 
a preceding argument one more time and conclude that ycr-l)(t) > 0, t E [b, co). 
Proof for the other case is similar. 
LEMMA 2. If  Eq. (E) has a solution y  E St for some I, 1 < 1 ,< n - 1, and 
if p + 0 on [al , a) for eaery a, > a, then 
(-p x (p-yt) + (-1)” (k -‘i l)! j,$ (s - ty s’-lp(s) ds) > 0, (2) 
c < t < x < 00, k = 1,2 ,..., n - I, for some constants c and A, > 0, where 
h = +l ij p > 0 and h = -1 if p < 0. For (Ei) and (Erv) inequality (2) also 
holds JOY k = ti - 1 + 1 if I is even; and for (Eii) and (Eitt), (2) holds for k = 
TZ - 2 + 1 if I is odd. Finally, (2) holds for k = 1 and Z = TZ if (Ei) OY (Eir) has 
a solution y  E S, . 
Proof. We prove the lemma for the case (Ei): 
(-I)~;+~ (yen-k)(t) + (-1)” (k r’il,, .,= (s - t)“-l s’-~P(s) ds) > 0, (3) 
c < t < x < co, for k = 1,2 ,..., n - 1, for k = n - 1 + 1 if Z is even, and 
for k = 1 and Z = n. Suppose that p >, 0 on [a, 00) and y  > 0 on [b, a), 
b > a. Since y  E S, , 
lim,,-,(y(X)/x’-t) > d, , (4) 
for some constant A, > 0, and 
lim,._,( y(X)/s’) = 0. (5) 
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It follows from (4) that y(x) > Arx7-l, x E [c, co), for some c > b, and 
yys) = --p(s)y(s) < -A,s7-p(s) < 0, s E [c, w). (6) 
Integrating (6) from t to x, c < t f x < CO, we get 
yh-l)(x) < p-1) (t) - A, J;’ s’-%(s) ds. (7) 
On the other hand, we must have y’+l)(x) > 0 by Lemma 1. Thus, we con- 
clude from (7) that 
y’“-l’(t) - Al 6 s’-lp(s) as > 0, c < t < x < co. G-9 
If I = n - 1, the proof is complete. If I < n - 1, we integrate (8) from t 
tox,c<t<x<oo,andobtain 
Y(‘+~)(x) > y’“-2’(t) + A, J;’ df l’ s’-‘p(s) ds 
= ~‘“-~‘(t) + AZ s,’ (s - t) s”-‘p(s) ds. (9) 
Since Lemma 1 requires that ~(?l-~)(x) < 0, x E [c, oo), we deduce from (9) that 
Y (“-2)(t) + Az ( (s - t) s’-lp(s) ds < 0, c<t<x<w. 
If 1 = n - 2, the proof is complete; otherwise, we repeat a similar argument 
n - E times and prove (3) for k = 1,2 ,..., n - 1. If I is even, then n - I is 
even and (3) yields for K = n - I, 
Pw + @ --;‘r_ l)! I tz (s - t)+-’ sz-‘f(s) ds < 0, c < t < x < co. (10) 
In this case, we may use the preceding argument one more time, since the 
first inequality in Lemma 1 holds for k = n - 2 + 1 and gives ~(~-lr(x) > 0, 
x f [b, co). Integrating (10) f rom t to x, c < t < x < co, we get 
y(z-l)(x) < y(z-1)(t) - & s,= (s - t),-’ s’-l~$s) ds, c<t<x<w. 
(11) 
The inequality y”-i)(x) > 0, x E [b, oo), and (11) are incompatible unless 
(s - t)‘+’ s”-‘p(s) ds > 0, 
which proves (3) for k = n - 2 + 1 when 1 is even. 
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Turning to the proof of (3) for K = 1 and E = n, we must have y(‘+l) > 0 
on [b, 03) because otherwise y(x) -+ --co as x --f co. Since y E S’n , 
y’ys) = -p(s) y(s) < -A)$-lp(s), s E [c, co), 
for some constants A,, > 0 and c > b. When this inequality is similarly 
integrated, and the result compared with y(+l) > 0 on [b, co), we see that 
y(-)(t) - A, .$’ S”+%(S) ds > 0. 
Proofs for the other cases are similar. 
Proof of Theorem 1. We prove that the set S, v S, u .‘. u S, , n = 2j, 
is empty for (Ei). Proofs for the other cases are similar. S, is known to be empty 
for (Ei) [4, 61. A ssume that (Ei) has a solution y E S,,, , for some m, 1 < m < 
n/2. We apply Lemma 2 to the solution y and obtain for k =- n - 2m + 1, 
Y (“‘-‘j(t) - (n f2Trn), jz (s - t)n- s-p(s) ds > 0, (12) . t 
c < t < x < co, for some constants Aanl > 0 and c. However, the integral 
I = tz (s - t)lL-2m s2”-lj(s) ds 
I 
approaches +co as x --f + co: for any y, c < t < y < X, 
I > (1 - fj”“” [ ?-b(s) ds --f +a, 
as x -+ +co. Therefore, (12) cannot hold for all X, c < t < x < co; and 
this contradiction proves that S,, , 1 < m < n/2, is empty for (Ei). 
Equation (E) is said to be disconjugate on an interval I if no nontrivial solution 
of (E) has more than n - 1 zeros (where the zeros are counted with their 
multiplicities). It is well known that (E) is disconjugate on [ar, co), for some 01, 
if the integral SW x+‘p(x) dx is finite [12, 131. Hence, Theorem 1 has the 
following corollary. 
COROLLARY 1. I f  (E) h as a solution belonging to 9, it is disconjugate on 
[CC, co), for some a. 
Note that the explicit form of the coefficient p in (E) is not required to con- 
clude disconjugacy in Corollary 1. 
We now proceed to show that the sets S,, , S, ,..., S, form a partition of 
the set of nonoscillatory solutions of (E), provided that condition (1) is satisfied. 
It is evident from the definition of S, , K = 0, I,..., n, that Si n S, = 0, 
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i f  j, except for S, n S, which consists of bounded solutions y  such that 
y(x) does not approach zero as s -+ co. However, if condition (I) is satisfied, 
every nonoscillatory solution of (E) either is unbounded or approaches zero 
[4, 6, lo], i.e., S, n S, is empty. 
Suppose that y  is a nonoscillatory solution such that y  ~ 0 on [6, m). We 
assert that either 
or 
limr&(x)/xk) = 0, 
limz:,7,(y(X)/X7c) > A, , 
for some positive constant rZI, , k == 0, l,..., II - I. To prove this statement, 
assume that neither is true. Then 
0 = lim inf&y(x)/x”) < lim sup,,,(y(x)/x”) = 6, 
and there would exist a constant B, 0 < B < 5, such that y(x)/x” takes on the 
value B infinitely many times, that is, the function gk(x) z: y(r) - B9 has 
infinitely many zeros on [b, Co). Consequently, g, (n-1) = yen-1) has an infinity 
of zeros on [b, co), k r= 0, I,..., n - 2. But this is impossible because yrn) > 0 
or yfTL) < 0 on [b, co). Similarly, &?-,l’ = y(+l) - B(n - l)! cannot have an 
infinity of zeros on [b, a). This contradiction proves the assertion. 
If  the nonoscillatory solution y  is bounded on [b, co), it belongs to S, . 
Assume that y  is unbounded. If  
limz~~(y(.v)/X’“-‘) > C, 
for some positive constant C, then y  belongs to S, . Otherwise, there exists 
a positive integer m < n such that 
limXtm(y(X)/P-‘) > A,,,-* , 
for some positive constant ,4,,,-, . Let m be the largest such integer. Then the 
inequality 
lim,_ ,Jy(x)/.v”‘) > A,, 
cannot hold for any positive constant A,, , and therefore 
lim.&y(x)/xm) = 0 
by the preceding assertion. Hence, y  E S,, . This shows that any nonoscillatory 
solution of (E) belongs to S, , for some k, 0 < k < 11. 
Thus, we have proved 
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TI-IEORE~~I 2. I f  condition (I) is satisfied, the sets SO , S, ,.. ., S,, form apavtitiorz 
of the set of nonoscillatory solutions of (E). 
From Theorems 1 and 2, we readily deduce the following statements. 
COROLLARY 2. If  condition (1) is satisjied, ez’ery nonosci2Iatory soZution of (E) 
beloqs to Y’, where 
3-1 
Y’ r (J s,,,, fOY (Ei) if?/ ::- 2j, 
i-0 
= p2/ fOY (Eij) ifn = 2j +.. 1, 
= h s,i fOY (Eiii) $11 = 2j, 
= rj Silrl for (EIY) ifn = 2j f  1. 
j-0 
Suppose that Eq. (E) is nonoscillatory on [a, co) and that p + 0 on [al , CO) 
for every a, > a. It follows from [4, Corollary 33 that S, contains at most 
one linearly independent solution for (Eii) and (Eiii). On the other hand, 
S, is known to contain at least one solution [2, 4, lo]. Therefore, S, contains 
exactly one linearly independent solution, S, is a one-dimensional linear space, 
for (Eii) and (Eiii). In this connection we have the following results. 
THEOREM 3. Assume that (E) is nonoscillatory on [a, CO) and that condition (1) 
is satisfied. For (El) and (Ei,), the dimension of the linear space Sl is at most 2. 
FOY (Eii) and (Elii), th e d’ zmension of the linear space S, v  S, is at most 3. 
Proof. It is easily seen that S, and S, U S, are linear spaces in respective 
cases. Suppose that S, contains three linearly independent solutions y1 , yz , 
and ya which are nonnegative on [b, 00). Without loss of generality, we may 
assume that ?)a > yz > y1 on [c, co), for some c 2 b. In this case, 
limz+&f(x)/y,(~)) = co, (13) 
if j > k, j, k = 1,2, 3. I f  this were not true, we would have the following 
two alternatives: There exists a constant y  3 1 such that either yj(x)/yk(x) 
assumes the value y  an infinite number of times on [c, CD), or elst: 
lim,,,(yj(X)/yk(X}) =..: y. 
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The first alternative is impossible because yi - yyk would be an oscillatory 
solution of (E). The second alternative is also impossible because it would 
imply that 
lim&G9 - m(4) = 0, 
contrary to the fact that S, is empty for (Ei) and (Eiv). Choose a constant 
K > 0 such that u k: y2 - Kyi has a zero at some point 8 E [c, 03). Let T > 5 
be the largest zero of u, i.e., U(T) = 0 and u > 0 on (7, co). Define K, = sup G, 
where G is the set of real numbers j3 > 1 such that ys -- pu > 0 on [T, co). 
If T E (7, a), then 1 < P < Y~(T)/u(T), and consequently 1 < K1 < ys(~)ju(~). 
The solution v = y3 - K,u > 0 on [T, co); more important, there exists a 
point 5 E (7, W) at which v(c) = 0. If there were no such point i E (7, co), 
then ZI = y3 - K1u ; 0 on [T, co), i.e., u/y8 < l/K, on [v, 00). Since u(x)/ 
ys(x) -+ 0 as x -+ co by (13), there exists an E > 0 such that u/y3 < l/(K, + 6) 
on [q, co). This means that ya - (Kr + c)u > 0 on [q, OO), contrary to the 
choice of K, . Th ere ore, f v(t) =: 0 for some 5 E (7, 00); moreover, v’(t) = 0 
since v > 0 in the neighborhood of 5. But this result contradicts Lemma 1, 
according to which we must have v’ > 0 on [q, CO), and proves that S, of (Ei) 
and (Eiv) is at most two-dimensional. 
Suppose that S, u S, contains four linearly independent solutions yi such 
that yi > 0 on [b, OO), i = 1,2, 3,4, where y1 E S, . Since S, for (En) and 
(Elii) is one-dimensional, we have yi E S, , i = 2, 3, 4, and any linear combina- 
tion of y2 , y3 , and y4 again belongs to S, . Suppose that y4 > ya > yz > y1 
on [c, CO), for some c > b. Following the proof of (13), we can easily show that 
lim,+,(Ydx)/Yk(x)) = a, 
if j > k; j, k == 1,2, 3,4. Choose a positive constant K, such that U = 
yz - K,y, has a zero at Q and U > 0 on (Q , 00). As we showed previously, 
there exists a constant K, > 0 such that V z ys - K,U is nonnegative on 
[Q , oo) and V(&) = V’(&) = 0 for some &E (Q , 00). Similarly, by using 
the same argument once more, we may choose a constant K4 > 0 such that 
W = y4 - Kql/ is nonnegative on [& , co) and W([,) = W’([J = 0 for some 
‘5 E (61 3 co). Without loss of generality, we may assume that ~‘~(5~) > 0 
(for sufficiently large c). Since W’(&) = y’&) > 0 and W(tl) = W’(tl) = 0, 
there exists T E (& , 6,) such that W”(T) = 0. But this contradicts Lemma 1, 
which requires W” > 0 on [[, , co), and completes the proof. 
EXAMPLE. The differential equation 
y(n) + (c+P)y = 0, 01 # 0, (14) 
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where 01 is a constant, satisfies condition (I), and has n linearly independent 
solutions of the form y  = .v, where u is a root of the algebraic equation 
u(u - l)(u - 2) ... (a - 71 + 1) f  01 -= 0. 
It is easily seen that all the real roots of (I 5) lie in 
(15) 
(o,l)w2,3)~ ‘.. u (rl - 2, n - 1) if ?z is even and c( > 0, 
(-“0,O) u (1,2) u ... u (rl - 2, n - 1) if II is odd and N I 0, 
(--;0,O)u(1,2)u~~~u(n-l,~) if ~1 is even and 01 < 0, 
(0, 1) u (2, 3) u ‘.. u (n - 1, r0) if ?z is odd and N < 0. 
Therefore, this example illustrates Theorems I and 3 and Corollary 2. Moreover, 
it shows that the condition for disconjugacy stated in Corollary 1 is not a 
necessary condition, because Eq. (14) is known to be disconjugate on [b, co), 
b > 0, if ’ a 1 is sufficiently small [3]. 
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